ABSTRACT This paper is concerned with the potential of spatial multiplexing in a millimeter wave (mmWave) multiple-input multiple-output (MIMO) downlink system in which the base station (BS) is equipped with multiple distributed massive antenna subarrays to serve multiple users. The paper first introduces the concept of multiplexing gain when the number of antennas goes to infinity and the transmit power is finite. Assume that each of the user terminals is equipped with a large antenna array, the paper focuses on the simple and cost-effective analog beamforming scheme for the MIMO system operating in mmWave line-of-sight propagation environments. We obtain simple and approximate expressions for the sum rate of the system based on asymptotic analysis in the limit of the numbers of antennas at the BS and at the user terminals when the total transmit power is fixed or scaled down. The approximate expressions show that the employed analog beamforming scheme can achieve a multiplexing gain that is equal to the product of the number of subarrays at the BS and the number of users when the total transmit power is fixed, whereas the multiplexing gain decreases proportionally to such a product when the total transmit power is scaled down. Extensive numerical results are also provided to corroborate analytical results.
I. INTRODUCTION
It is widely agreed that massive multiple-input multipleoutput (MIMO) is a promising physical-layer technology for 5G wireless communications due to its ability to provide high spectrum and energy efficiencies [1] - [5] . However, designing a massive MIMO system is challenging given the strict power, cost, and hardware constraints. The largescale antenna arrays together with high cost and large power consumption of the mixed analog/digital signal components makes it difficult to equip a separate radio-frequency (RF) chain for each antenna and perform all the signal processing in the baseband. Therefore, research on hybrid analogdigital processing of precoder and combiner for microwave and millimeter-wave (mmWave) communication systems has attracted very strong interests from both academia and industry [6] , [7] . In particular, a lot of work has been performed The associate editor coordinating the review of this manuscript and approving it for publication was Yue Zhang.
to address challenges in using a limited number of RF chains [8] - [18] . For example, the authors in [17] proposed an efficient channel estimation algorithm with low-complexity exploiting the strongest angle-of-arrivals. The authors in [8] showed that hybrid processing can realize any fully digital processing if the number of RF chains is twice the number of data streams. Likewise, the authors in [9] used a realistic mmWave channel model to show that the unconstrained capacity-achieving precoding solutions converge to simple and cost-effective beam-steering solutions. In this paper, we shall focus on the analog (beam-steering) beamforming scheme in carrying out theoretical analysis on the potential of spatial multiplexing.
In mmWave communications, since it is possible to deploy a very large antenna array in very small volumes, it is practical to mount large antenna arrays on mobile user terminals. As an example, at a carrier frequency of 30 GHz the wavelength is 1 cm, and for a planar antenna array with half wavelength spacing, more than 180 antennas can be placed in VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ an area as large as a standard credit card, and this number climbs up to 1300 at 80 GHz [19] . This leads to the concept of a doubly massive MIMO system [19] - [21] , which is defined as a wireless communication system in which the numbers of antennas grow large at both the transmitter and the receiver. The mmWave doubly massive MIMO systems are envisioned to be advantageous when considering wireless fronthaul networks and vehicular communications. In this paper, we shall consider the mmWave doubly massive MIMO systems and carry out their performance analysis when both the numbers of antennas at transmitter and the receiver grow large without bound.
The line-of-sight (LOS) fading channel model is a popular channel model for mmWave communication systems. In particular, the LOS effect may be dominant for wireless communications at the mmWave frequency band in typical densely-populated indoor and outdoor scenarios [22] , [23] . Therefore the pure LOS model has been investigated by many scholars [6] , [24] . In this paper, we shall carry out asymptotic performance analysis of the mmWave doubly massive MIMO systems in LOS propagation environments.
Despite the abundant available spectrum in the mmWave frequency band, simulation results at system level reveal that the throughput of ultra-dense networks employing massive MIMO does not scale proportionally with the increase in mmWave bandwidth [25] . Moreover, due to the fact that mmWave signal propagation has an important property of multipath sparsity, the potentially-available benefit of spatial multiplexing could be limited if the deployment of antenna arrays is co-located [19] , [26] , especially for the scenario with LOS fading. On the other hand, deploying distributed antennas can increase spectral efficiency and expand coverage of microwave and mmWave wireless communication systems [27] - [32] . With the recent advent of massive MIMO, research on distributed array architectures has drawn renewed interest [33] - [36] . In particular, spectral efficiency and a circularly distributed antenna architecture have been investigated in [33] , [35] , whereas a cell-free massive MIMO network infrastructure has been proposed in [34] . However, the potential multiplexing advantage still remains unclear when multiple distributed antenna arrays are deployed. For this reason, this paper shall focus on distributed array architectures in mmWave doubly massive MIMO systems and carry out multiplexing capability analysis.
The main contributions of this paper are as follows:
• In order to quantify the multiplexing capability of a distributed mmWave doubly massive MIMO multiuser system, this paper first introduces different definitions of the multiplexing gain by taking into account multiple arrays and multiple users together or separately. These definitions can be used in both cases of fixed and scaled total transmit powers.
• Through asymptotic analysis in the limit of the numbers of antennas at the base station (BS) and at the user terminals when the total transmit power is fixed or scaled down, the paper obtains approximate expressions of the sum rate for the doubly massive MIMO system operating in mmWave LOS environments. The obtained expressions provide helpful insights on how the sum rate is affected by several key system parameters such as the number of subarrays at the BS, the number of users, the product of the numbers of antennas at each subarray and at each user terminal. Also they are useful for capturing the total multiplexing gain.
• The paper shows that the total multiplexing gain offered jointly by multiple arrays and multiple users equals the product of the basic end-to-end multiplexing gain, the individual multiplexing gain provided by multiple arrays, and the individual multiplexing gain of multiple users, while the individual multiplexing gains are equal, respectively, to the number of subarrays at the BS and the number of users. This result means that the distributed doubly massive MIMO multiuser system can increase its multiplexing capability linearly with the increase of the number of antenna arrays or the increase of the number of mobile users.
• The basic end-to-end multiplexing gain characterizes the multiplexing capability of a basic communication link between an antenna subarray and a user terminal. The analysis reveals that the capacity of a distributed doubly massive MIMO system can increase without bound as the number of antennas increases to infinity. This is in a sharp contrast with the distributed singly massive MIMO system which can only have a finite capacity even when the number of antennas at each subarray grows to infinity. On the other hand, the analysis also unveils that power scaling indeed reduces the total system multiplexing gain, although it can improve the transmit energy efficiency. The paper is organized as follows. Section II describes the mmWave doubly massive MIMO multiuser system model and the analog beamforming scheme with the distributed subarray architecture. Section III introduces definitions of multiplexing gains in the limit of the numbers of antennas employed at the BS and mobile users and conducts asymptotic multiplexing gain analysis under the case of fixed transmit power. In Section IV, the multiplexing analysis is performed for the case of scaled transmit power. Section V provides numerical results. Finally, Section VI concludes the paper.
Throughout this paper, the following notations are used. Boldface upper and lower case letters denote matrices and column vectors, respectively. The superscripts (·) T and (·) H stand for transpose and conjugate-transpose, respectively. diag{a 1 , a 2 , . . . , a N } stands for a diagonal matrix with diagonal elements {a 1 , a 2 , . . . , a N }. The expectation operator is denoted by E(·).
[A] ij gives the (i, j)th entry of matrix A. I M is the M × M identity matrix. O(1) denotes a function that converges to 0 when the given input size goes to infinity. Finally, CN (0, 1) denotes a circularly symmetric complex Gaussian random variable with zero mean and unit variance. 
where s is the K u N s × 1 signal vector for all K u mobile stations, which satisfies E[ss H ] = P K u N s I K u N s with P being the average total transmit power. 1 The N u ×1 vector n i represents additive white Gaussian noise (AWGN). The
is the channel matrix of the ith MS, where the jth submatrix G ij contains channels connected to the jth RAU. Furthermore, the signal vector after combining can be expressed as
where
RF combining matrix and W ui is the N (rf ) u × N s baseband combining matrix for the ith MS. This paper focuses on the multiplexing gain analysis. In the following sections, we set
to simplify the analysis. For the RF structure at each RAU, we adopt the fully-connected structure. As shown in Figure 3 , each RF chain in one RAU is connected to all the antenna elements in the RAU. Similarly, the fully-connected structure is also adopted at each MS. Furthermore, as in [33] and [34] , we also assume that all RAUs are connected via a perfect fronthaul network that offers error-free transmission to the BPU. In practice, however, the fronthaul links are capacity-limited [36] . Although the individual multiplexing gains provided by multiple arrays and multiple users are not directly influenced by the practical constraints of the fronthaul network, the constraints will impact both the overall multiplexing capability and the system design. Studying mmWave distributed massive MIMO systems under limited fronthaul capacity is interesting and requires further research. 
B. CHANNEL MODEL
Now we denote the overall channel matrix by
According to antenna array architecture at the BS and users, the channel matrix G can be written as
In the above expression, g ij represents the large scale fading effect between the ith MS and the jth RAU at the BS, which is assumed to be constant over many coherence-time intervals. The normalized subchannel matrix H ij represents the MIMO channel between the jth RAU at the BS and the ith MS. In a general LOS fading environment, the subchannel matrix H ij consists of a LOS matrix and a scattered matrix [17] , [19] - [21] , i.e.,
, and κ ij > 0 is the Ricean K -factor, which represents the relative strength of the LOS component.
Throughout the paper, it is assumed that all of the antenna configurations at the BS RAUs and the MS ends are uniform linear arrays. Then the LOS matrix H ij can be written as
In the above equation, the vectors a u (φ ij ) and a b (θ ij ) are the normalized receive/transmit array response vectors at the corresponding angles of arrival and departure, φ ij and θ ij , respectively. For an N -element uniform linear array (ULA), the array response vector is
where λ is the wavelength of the carrier and d is the interelement spacing. It is commonly assumed that d = λ 2 . Regarding the scattered matrix H ij , limited-scattering mmWave fading is considered in this paper, and the clustered model (based on the extended Saleh-Valenzuela model) is commonly used to characterize limited-scattering mmWave fading [6] . In this case, H ij can be expressed as
where C ij is the number of scattering clusters, L c ij is the number of propagation paths in the cth cluster, α cl ij is the complex gain of the lth ray in the cth cluster, and φ cl ij and θ cl ij are random azimuth angles of arrival and departure, respectively. Without loss of generality, the complex gains α cl ij are assumed to be CN (0, 1).
C. ANALOG BEAMFORMING
Although the theoretical analysis in this paper can be extended to hybrid beamforming, 2 we focus on analog beamforming because of its simplicity and ease of analysis. With analog beamforming, it can be assumed that (u) ij is used to denote the jth column vector of the N u × K b analog combining matrix F ui related to the ith MS and the jth RAU. For any i and j, the precoding and combining vectors are given as
In general, effective and complete channel estimation for the downlink of a multiuser massive MIMO system is very challenging for time-varying fading channels [18] , [37] . However, since the channel state information (CSI) related to the LOS components changes much slower than the CSI related to the NLOS components, it is much more convenient to estimate the angles of arrival and departure associated with the LOS components, namely {φ ij } and {θ ij }, and the large scale fading coefficients, namely {g ij }. It is pointed out that reference [18] provides a comprehensive survey of state-of-the-art channel estimation solutions for mmWave massive MIMO systems. The parametric channel estimation method proposed in [17] is specially applicable for the systems considered in this paper. In fact the low-complexity non-feedback, non-iterative parametric channel estimation method proposed in [17] is for the downlink hybrid mmWave systems with the co-located antenna architecture, but it can be adapted to work with the mmWave massive MIMO systems with distributed array architectures.
Ultra-dense networks are also expected to play a key role in the emerging 5G cellular networks in order to satisfy the exponentially-increasing mobile data demand. To realize an ultra-dense network, apart from spectral and energy efficiencies, a gigabit-per-second, reliable, scalable, and costeffective wireless backhaul connecting ultra-dense small-cell BSs and macrocell BS are prerequisite [4] , [38] . The integration of mmWave communications and massive MIMO can provide a promising solution for the 5G wireless backhaul [4] , [26] , [39] . In this context, the system model presented in this section is especially suitable for a wireless backhaul network. For such a network architecture, the traditional BS is replaced by a macro-cell BS, whereas the traditional MS is replaced by a small-cell BS. One key feature of the wireless backhaul architecture is that the macro-cell BS can simultaneously support multiple small-cell BSs with multiple data streams targeting each small-cell BS.
III. MULTIPLEXING GAIN ANALYSIS UNDER FIXED TRANSMIT POWER A. INDIVIDUAL ACHIEVABLE RATE
Let P be fixed and finite and p =
There are K data streams. Each data stream is doubly indexed by (i, j),
where i refers to the ith user and j refers to the jth RAU. For given (i, j), the following lemma characterizes the average achievable rate of the (i, j)th stream, denoted as R ij (K u 
Proof: Please refer to Appendix A. Remark 1: R ij quantifies the achievable spectral efficiency of the (i, j)th data stream in bits/sec/Hz. It can be seen from (10) that R ij is affected by (i) the NLOS signal component received in the same subchannel; (ii) the other user signals transmitted by the same antenna subarray at the BS; (iii) cochannel signals transmitted by different antenna subarrays at the BS.
B. DEFINITIONS OF MULTIPLEXING GAINS
The concept of multiplex gain is used to quantify the spectral efficiency advantage of a traditional MIMO system with a finite number of antennas when compared to a single-input single-output (SISO) system. In the high transmit power regime, it characterizes exactly the system's ability to transmit independent information streams in parallel through the spatial MIMO channel. If a MIMO system has N t transmit antennas and N r receive antennas, the traditional multiplexing gain is defined as [40] - [42] 
Here R(·, ·) denotes the achievable rate and γ denotes the average received signal-to-noise ratio (SNR). For the case of Rayleigh fading channels, the well-known result is
, [41] .
In this paper, in order to provide an asymptotic analysis of the multiplexing gain with a very large number of antennas under the condition of a finite transmit power, a slightly different definition of the multiplexing gain is adopted by replacing γ with N . This revised definition is consistent with the conventional definition of the multiplexing gain since the received SNR goes to infinity when N → ∞. Let
be the sum spectral efficiency of the system. Then we have the following definition.
Definition 1: The multiplexing gain of a distributed massive MIMO system equipped with multiple antenna arrays VOLUME 7, 2019 and serving multiple users is defined as
When K u = 1 and K b = 1, the multiplexing gain is given by
For ease of discussion, we shall refer to G m (K u , K b ) as the overall system multiplexing gain, and G m (1, 1) as the endto-end multiplexing gain. Remark 2: It should be emphasized that G m (K u , K b ) need not coincide with the number of information streams, which is the intuitive notion of spatial multiplexing [43] . In fact, G m (K u , K b ) only quantifies how the sum rate grows with log 2 (N ). For example, G m (K u , K b ) = 0 signifies that the sum rate does not increase linearly with log 2 (N ), or the multiplexing capability under the finite transmit power is finite as the two numbers of antennas go to infinity. In general, it is desired to have a mmWave massive MIMO system whose capacity can increase without bound as the numbers of antennas increase [44] .
In addition to the overall system and end-to-end multiplexing gains as in Definition 1, we are also interested separately in the multiplexing capabilities brought by the use of multiple antenna arrays and the existence of multiple users. To this end, we give the following definitions.
Definition 2: The multiplexing gain associated with multiple users in the distributed massive MIMO system is defined as
For ease of discussion, we call G u (K u , K b ) as the multi-user multiplexing gain.
Definition 3:
The multiplexing gain associated with the use of multiple antenna arrays in the distributed massive MIMO system is defined as
which shall be referred to as the multi-array multiplexing gain.
The relationship among the above-defined multiplexing gains can be characterized as follows:
The expressions in (16) and (17) indicate that the overall system multiplexing gain is determined by the multi-user multiplexing gain, the multi-array multiplexing gain, and the end-to-end multiplexing gain. The next subsection analyzes the above four multiplexing gains when the number of antennas goes to infinity.
C. MULTIPLEXING GAIN ANALYSIS
Lemma 2: Let a(φ 1 ) and a(φ 2 ), with φ 1 = φ 2 , be two N × 1 array response vectors. Then the following asymptotic orthogonal condition is satisfied
sin(πQ) and Q = (sin φ 2 − sin φ 1 )/2 is a finite constant in probability 1 [9] , [41] .
Let M = K + L. Then one has the following lemma from [19] and [9] . 
Proof: Please refer to Appendix B. Remark 3: It is noted from the derivation steps in proving Theorem 1 that when K u > 1 and K b > 1, if the asymptotic ratio of N u and N b becomes zero or infinity rather than a fixed constant, then the quantity r ij will become infinity rather than a finite value. However, when K u = 1 or K b = 1, we can allow = ∞ or = 0.
1). (23)
Remark 4: Theorem 1 shows that under the mmWave doubly massive MIMO condition, both multiple antenna arrays and multiple users provide an additional spatial dimension for communications and yield a multiplexing gain since the sum rate with K u users and K b arrays is asymptotically pro-
Furthermore, Corollary 1 indicates that the overall multiplexing gain of the distributed MIMO system equipped with multiple arrays and serving multiple users is exactly the product of the multiarray multiplexing gain, the multi-user multiplexing gain, and the end-to-end multiplexing gain. In other words, this result means that if massive antenna arrays are deployed at the BS and at the user terminals, the multiplexing capability of a mmWave MIMO system can be increased by increasing either the number of antenna arrays or the number of mobile users.
For comparison with a mmWave singly massive MIMO system in which the number of antennas at each user is fixed and finite, we present the following result.
Proposition 1: Assume that K b > 1 and N u is finite. Then at a very high N b , one has
Proof: Please refer to Appendix C. Proposition 1 implies that G m (K u , K b ) = 0. This means that, different from a doubly massive MIMO system, the singly massive MIMO system cannot have unlimited capacity even when the number of antennas grows without bound.
IV. MULTIPLEXING GAIN ANALYSIS WITH SCALED TRANSMIT POWER A. MULTIPLEXING GAIN UNDER SCALED POWER AND FIXED SNR
In the analysis in the previous section, it was assumed that the total transmission power P is fixed and independent of the parameter N . Define the upper bound of the individual achievable rate R ij in expression (9) as
If there is no interference from other data streams and there is no NLOS component involved in the (i, j)th data stream, it can be concluded that R ij = R (U ) ij . However, in general, R ij < R (U ) ij . It can be shown that R ij < R (U ) ij even when N → ∞ or P → ∞. A natural question is, in the general case, under what condition we can have R ij → R (U ) ij ? We now consider the behavior of power scaling when N → ∞. Power scaling is an important characteristic of any massive MIMO system since it indicates how the deployment of largescale antenna array helps to scale down transmit power while maintaining system's target rate [3] , [46] .
For the (i, j)th data stream, let SNR ij denote a desired received SNR. Further, let SNR ij = pg ijκij N , which means that p becomes a function of N for a given SNR ij . The function R (U ) ij = log 2 (1 + SNR ij ) then denotes an ideal and desired individual achievable rate. Therefore, letting p be scaled down by N , we obtain the following power scaling law.
Lemma 4:
Proof:
This means that r ij in (9) ∞. Then at a very high desired SNR d , the sum rate can be expressed as (22) and (23) still hold, but (21) becomes
The result in (29) is reasonable since SNR d is fixed and finite under the limit of large N u and N b (just as explained in Subsection III-B).
B. MULTIPLEXING GAIN UNDER SCALED POWER AND INCREASED SNR
Theorem 1 shows that the sum rate R increases with increasing N , but under the condition that the transmit power is fixed. Theorem 2 looks at the scenario that the transmit power is scaled down with increasing N , but the sum rate R is fixed and limited. As N increases, would it be possible to have the sum rate R increase and the transmit power scaled down? The answer to this question is given in the following theorem.
Theorem 3:
For a given β satisfying 0 < β < 1, let SNR d = pN (1−β) be fixed when N → ∞. Then at a very high N , the sum rate is given by
Proof: In the proof of Theorem 2, if we replace variable N by N β and constant SNR d = pN by SNR d = pN (1−β) , we obtain the desired result in almost the same manner.
Corollary 3: (22) and (23) still hold under the condition of Theorem 3, but (21) becomes
Remark 6: By comparing (21) and (31), it can be seen that the overall multiplexing capability of the mmWave system scales down proportionally to β if the transmit power scales down proportionally to N (β−1) . Furthermore, we can also obtain the same multiplexing gain by growing N exponentially by β −1 . 
Moreover, with a very large N b , the sum rate can be rewritten as
V. NUMERICAL RESULTS
For all simulation results presented in this section, without loss of generality, it is assumed that each element of the subchannel matrix H ij has the same Ricean K -factor, i.e., κ ij = κ, due to the fact that the asymptotic analysis results with an inhomogeneous set of {κ ij } are the same as with a homogeneous set. Similarly, each g ij is set equal to g = −40 dB, since the mmWave system with an inhomogeneous set of the large scale fading coefficients {g ij } has the same multiplexing gain as with a homogeneous set. It is further assumed that each scattered matrix H ij consists of three scattering clusters, each of them contributes a single propagation path [18] . Moreover, it is assumed that the variance of AWGN samples is unity. For simplicity, we set N u = N b = N (except for Fig. 10 ) and Fig. 9 ). Note that N u = N b = N means = 1 when N → ∞. To sufficiently corroborate the theoretical asymptotic results, the numbers of antennas N u and N b are set to be very large, as in [45] . When the transmission power is fixed at P = 30 dB and the number of antennas N increases from 20 to 200, Fig. 4 plots the sum rate versus log 2 (N ) = log 2 (N 2 ) for different Ricean K -factors κ = 5, 15, ∞ dB. Note that κ = ∞ dB means that κ = 1 andκ = 0, i.e., the channel corresponds to a pure LOS propagation environment and does not have any scattering component. It can be seen from the figure that the sum rate increases as either N (equivalently log 2 (N )) or κ increases. Moreover, the sum rate approaches the limit curve when the Ricean K -factor is high (κ ≥ 15 dB). To corroborate Theorem 1, the upper bound of the sum rate without any interference is also plotted in Fig. 4 . Observe that all the sum rate curves have the same slope as their corresponding upper bound curves. This means that the mmWave massive MIMO system can achieve a overall multiplexing gain of G m = K = K b K u = 9. Note, however, that even in the pure LOS propagation and N increases from 20 to 200, there is always a gap between the sum rate and the upper bound.
The simulation results in Fig. 4 are for the case of fixed transmit power. Next, results are presented for the case of scaled transmit power when P = 50 dB. Fig. 5 plots the sum rate versus log 2 (N ) when the number of antennas N increases from 20 to 200 and for several Ricean K -factors. It can be seen from the figure that as log 2 (N ) increases, the sum rates improve gradually and approach their limits. In particular, different from the case of fixed transmit power, the sum rate of the distributed MIMO system in the pure LOS propagation environment can approach its upper bound. Furthermore, as κ increases, the sum rate also improves and behaves similarly as in the case of fixed transmit power. Fig. 6 makes a comparison between the cases of fixed and scaled transmit powers when the number of antennas N increases from 30 to 300. The purpose is to illustrate the situation that the sum rate becomes better even when the transmit power becomes smaller. For the case of fixed transmit power, we set P = 20 dB. For the case of scaled transmit power, we set P = 60 dB − N dB. So when N grows large from 30 to 300, the values of transmit power are scaled as P = 30. 1, 24.4, 20.9, 18.4, 16.4, 14.9, 13.6, 12.4, 11.4, 10.5 dB. For the MIMO system with scaled power, the sum rate improves when the power is reduced. However, for any given κ, by comparing the sum rates with fixed and scaled powers, it can be seen that the system with a higher transmit power have a better rate performance. It is also observed that when N ≤ 240 the system with scaled power and κ = 5 dB outperforms the system with fixed power and κ = −5 dB.
In order to verify Theorem 2, Fig. 7 plots the sum rate as r ∞ or the desired SNR SNR d increases for N = 50, 200, 500 when κ = 15 dB. It should be pointed out that in the Fig. 7 also includes the curve which corresponds to the upper bound of the sum rate, K log 2 (1 + gκSNR d ), which is the limit of the sum rate when N → ∞. From the figure, it can be seen that even for N = 500, the slope of the sum rate curve is still clearly smaller than the slope of the sum rate curve with N = ∞. However, as N gradually increases, the slope of the rate curve becomes larger and larger, approaching its limit.
Recall that the parameter β in Theorem 3 denotes the power scaling coefficient. When β gets larger, the consumed transmit power is higher. In particular, β = 1 and β = 0 correspond to, respectively, the following extreme cases: (a) the transmit power is not scaled down; (b) the transmit power is scaled down to the utmost extent. Fig. 8 plots the sum rate as N increases from 30 to 300 and for P = 60 dB and κ = 5 dB. It can be seen that the sum rate improves with increasing β. This result is expected since the consumed transmit power becomes larger and larger as β increases. Moreover, it can also be seen that the rate performance with β = 3 4 is close to the performance in the extreme case with β = 1. Fig. 8 shows that power scaling can improve the transmit energy efficiency, but at the cost of reducing the multiplexing gain.
Next, Fig. 9 is presented to verify Corollary 3. In this figure, we set P = 35 dB, β = Fig. 9 plots the sum rate curves for the following four cases: (a) (
. In this figure, the number of antennas N increases from 100 to 1000, and the theoretical upper bounds of the sum rate for the four cases are provided in order to examine slopes of the rate curves. From this figure, we can see that the rate curve in each case has the same slope as its corresponding upper bound curve. Therefore, we conclude that
Finally, under the main condition of Proposition 2, Fig. 10 is presented to observe the influence of the coefficient VOLUME 7, 2019 on the sum rate of the MIMO system. This figure plots the sum rate for several values of when the number of antennas N b increases from 100 to 1000. Here, we set that κ = 5 dB and SNR d = pN b = 35.5 dB. As expected, as or N increases, the sum rate improves. Furthermore, it can be seen that these curves have almost the same slope, which implies that the systems for different obtain almost the same multiplexing gain (i.e., G m = 9). Interestingly, it can also be seen that with increasing N b , the gap of the two different curves is almost the same. This fact implies that the power offset (equivalently received SNR offset) is almost a constant and is not influenced by N b . It should be pointed out that when = 1 25 is used, the number of antennas at the user terminals is small and practical.
VI. CONCLUSION
In this paper, we have defined and analyzed spatial multiplexing gains for a distributed mmWave doubly massive MIMO system with multiple antenna subarrays and multiple mobile users. The analysis is obtained by focusing on the simple and cost-effective analog beamforming scheme for the MIMO system operating in mmWave LOS propagation environments and when mobile user terminals are also equipped with a large number of antennas. Via the asymptotic sum rate analysis, we have identified four key system parameters, namely, the number of BS subarrays, the number of mobile users, the number of antennas at each BS subarrays, and the number of antennas at each user terminal. These parameters determine the multiplexing capability of the distributed mmWave doubly massive MIMO system. To be precise, the employed analog beamforming scheme can achieve a spectral efficiency that not only increases linearly with the product of the number of BS subarrays and the number of mobile users, but also increases logarithmically with the product of the number of antennas at each BS subarrays and the number of antennas at each user terminal. This interesting result promises an amazing prospect of mmWave massive MIMO systems. In the future, we will continue to study the multiplexing capability of distributed mmWave massive MIMO systems operating in more realistic environments, namely with spatial correlations both among arrays and among user terminals, and/or under a capacity-limited fronthaul network.
APPENDIX A
Proof of Lemma 1: With analog beamforming, from (2) the (i, j)th received signal can be written as (34) where
vq s vq .
By using (34) , it readily follows that
In addition, the upper bound of R ij in (9) is quite obvious.
APPENDIX B
Proof of Theorem 1: This theorem can be proved if one can show that for any given i and j, the individual rate R ij (K u , K b ) can be expressed as
With the help of Lemma 3, expression (39) will hold if we can prove that the parameter r ij in (10) is finite when N → ∞, i.e., r ij = O (1) . Then this requires to show that any term in (10) must be finite when N → ∞. Regarding (10), in the limit of large N u and N b , we first know that 
since similarly,
When q = j, in the limit of large N u and N b one also has Thus r ij = O(1). So we finally obtain the desired result.
APPENDIX C

Proof of Proposition 1:
This proposition can be readily proved by showing that for any given i and j, the individual rate R ij (K u , K b ) can be expressed as in (25) . The expression in (25) holds true if we can prove that when N → ∞ (or exactly N b → ∞), the parameter r ij in (10) can be given by
Observing all terms in (10) in the limit of N b , we first find that 
due to the fact that 
When q = j, we have 
To summarize, we know that the parameter r ij can be exactly expressed as in (50), hence the desired result is proved.
